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Nonlinear Relaxation/Quasi-Newton Algorithm for the
Compressible Navier-Stokes Equations

Jack R. Edwards* and D. Scott McRae}
North Carolina State University, Raleigh, North Carolina 27695

An efficient implicit method for the computation of steady, two-dimensional compressible Navier-Stokes
flowfields is presented. The discretization of the governing equations is hybrid in nature, with flux-vector
splitting used in the streamwise direction and central differences with flux-limited artificial dissipation used for
the transverse fluxes. Line Jacobi relaxation is used to provide a suitable initial guess for a new nonlinear
iteration strategy based on line Gauss-Seidel sweeps. The applicability of quasi-Newton methods as convergence
accelerators for this and other line relaxation algorithms is examined, and efficient implementations of sach
techniques are presented. Convergence histories and comparisons with experimental data are presented for a
high-speed compression corner interaction. Results indicate a marked improvement in computational efficiency
over more conventional upwind relaxation strategies, particularly for flowfields containing large pockets of

streamwise subsonic flow.

Introduction

HE development of high-resolution upwind methods for

the Navier-Stokes equations has led to corresponding
advancements in implicit solution algorithms. In particular,
the more diagonally dominant linearizations afforded by up-
wind discretizations allow the use of point, line, and planar
Gauss-Seidel matrix splittings that preserve the ease of invert-
ibility of alternating direction implicit (ADI) methods while
often sustaining a much higher time step. The works of
Thomas and Walters! and MacCormack,? among others, illus-
trate the benefits of symmetric line Gauss-Seidel (SLGS) “‘re-
laxation” techniques as applied to the computation of two-di-
mensional, predominantly streamwise supersonic flowfields.
For such problems, one forward line Gauss-Seidel sweep is
very nearly a direct inversion of the system Jacobian, and a
high rate of linear convergence can often be achieved.

The factorization error of commonly used line Gauss-Seidel
methods is, however, directly proportional to the amount of
upstream influence allowed by the discretization.? As a result,
the presence of large regions of streamwise elliptic flow will
tend to degrade the asymptotic convergence rate of SLGS
methods, especially when fine grids are employed. Some re-
searchers; notably Taylor et al.,* have alleviated the problem
somewhat by using multiple sweeps of SLGS performed at a
given time level to reduce the factorization error. Such tech-
niques, as well as related concepts involving preconditioned
conjugate gradient-like methods, seek to solve the linear prob-
lem more exactly, thus approaching a Newton method for an
exact linearization.

The purpose of the present study is to develop alternative,
SLGS-based methods that eliminate many of the convergence
problems of standard line relaxation strategies without resort-
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ing to the aforementioned ‘‘inexact’’ Newton framework. One
approach toward reducing asymptotic convergence degrada-
tion is to encourage a faster, more nonlinear propagation of
information throughout the computational domain. In this
regard, an iteration strategy based on a stable sequence of
SLGS relaxation sweeps is considered. Residual updating after
each forward or backward sweep is used to promote informa-
tion transfer, but in contrast with a similar method presented
in Ref. 1, full coupling between sweeps and between nonlinear
iteration levels is achieved. A marked improvement over more
conventional line Gauss-Seidel strategies is demonstrated.

Further acceleration of convergence can be achieved by the
use of quasi-Newton techniques, which may provide locally
superlinéar convergence if applied correctly. The Sherman-
Morrison-Woodbury formula® allows the methods to be im-
plemented very efficiently provided that an initial solution
update (obtained from an SLGS sweep) is available. Reference
3 illustrates a successful application of Broyden’s quasi-New-
ton update® as a convergence accelerator for a conventional
SLGS method. In the present study, another more stable
quasi-Newton update is considered, and a combined nonlinear
relaxation/quasi-Newton methodology is presented.

The flowfields in question are governed by the steady, com-
pressible Navier-Stokes equations written in a generalized co-
ordinate system. The discretization of the equation set is hy-
brid in nature, with Van Leer’s MUSCL upwind scheme used
for the streamwise inviscid fluxes and a central difference
approach with flux-limited artificial dissipation implemented
in the transverse direction. Such an approach allows a consis-
tent second-order linearization (except for the dissipation op-
erator) while requiring only block tridiagonal inversions and
providing a measure of diagonal dominance. The viscous
fluxes are central differenced, and no thin-layer assumption is
invoked. Further details about the discretization can be found
in Ref. 7.

To illustrate the benefits of the combined nonlinear relax-
ation/quasi-Newton technique, the algorithm is applied to a
compression corner interaction at Mach 4.2 The results include
comparisons with experimental data and convergence history
comparisons between the new method and other SLGS ap-
proaches.

Relaxation Procedure
The residual vector ® is formed from a natural ordering of
the discretized approximation to the steady Navier-Stokes set
over the mesh nodes. At a given grid point, the backward
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‘Euler time discretization/linearization of the difference ap-
proximations yields a vector equation of the form

M A .
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Where M = aU/3W, 6W is the update vector Wn+! — w»,
and the matrices A -G are functions of the flux Jacobians and
the dissipation model linearization.” The vector W is com-
posed of the primitive variables p, u, v, and e, and U is the
conservative-variable vector.

Ordered columnwise over the grid nodes, Eq. (1) yields a
large, sparse, linear system, hitherto denoted as A. Direct
factorization procedures for A are impractical for large prob-
lems, and matrix splittings corresponding to line relaxation
methods provide a more efficient alternative. As background
for the presentation of the new algorithm, a brief review of
other line relaxation approaches is appropriate.

A line-based partioning of 4 can be defined by denoting the
block tridiagonal system {£, [(M/At) + A], D} by D and
letting L and U be block triangular matrices composed of ¢,
G and [B, F1, respectively. Considering a backward-forward
relaxation process in the streamwise direction (identified with
the i index of the grid) and evaluating all matrices at time level
n, the symmetric Gauss-Seidel algorithm suggested by Mac-
Cormack? and implemented by Taylor et al.* is given as

D+ U)s (’,’Ll/z) = - ®R(W" —L(SW"+1
)
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The index / defines a sequence of “‘inner iterations’’ designed
to solve the linear system more exactly at a given time level.
This process can be expensive, as the sweeps are not fully
vectorizable. A simpler approximation, useful for computing
predominately streamwise supersonic flowfields, is the follow-
ing:

D+ U)D YD + LYsW"+1= — R(W" ?3)
This splitting is equivalent to Eq. (2) when 6W(”+1 is set to
zero and only one backward and one forward sweep is taken
per time level. The factorization error for the preceding SLGS
method is directly proportional to the number of nonzero
elements of matrix U, a measure of the amount of upstream
influence allowed by the discretization. As a result, the pres-
ence of large pockets of streamwise subsonic flow will tend to
degrade the convergence rate of algorithm (3), especially when
fine grids are employed.

Only the convergence rate for the nonlinear problem is
really of interest, so it seems logical to consider relaxation
schemes that allow a higher degree of nonlinear information
propagation. In Ref. 1, Thomas and Walters present the fol-
lowing algorithm:

D+ UBW"*% = — ROV™
@
(D + LYW+l = — QW™+ %)

The solution and residual vector are updated after the comple-
tion of each backward or forward sweep. In this approach, the
sweeps are essentially decoupled, in contrast to the fully cou-
pled approach (for the linear problem) illustrated by Eq. (2).
The algorithm proposed in this work combines the best fea-
tures of the techniques outlined in Egs. (2) and (4). An SLGS
sweep sequence is constructed that is similar to Eq. (2) except

that full coupling between sweeps is achieved through the use
of previously computed nonlinear corrections 6 W rather than
corrections to the linear problem 6W;. The solution and the
residual for the nonlinear problem are updated after each
sweep, further enhancing the information transfer. At time
level n, the algorithm is given by

D+ W% = — RIW™) — w L W™
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Computational experiments have shown that under-relaxation
of the sweeps is required to insure stability at arbitrary time
steps. For the test cases considered, under-relaxation parame-
ters of wy = 1.0 and w;, = 0.7 were used. Note that the update
vector 6 W must be set to zero only beforé the first iteration.
Otherwise, the previous update is used as a ‘“forcing func-
tion”’ for the next sweep. Convergence comparisons between
the new technique and methods (3) and (4) will be presented
later in this article.

Quasi-Newton Acceleration

The convergence characteristics of SLGS algorithms can be
further improved by using quasi-Newton updating proce-
dures. Quasi-Newton techniques are a generalization of the
secant method for one-variable nonlinear equations to nonlin-
ear systems, and most involve the updating of an approxima-
tion to the system Jacobian (denoted by N) by a rank-one
matrix at each iteration:

(R(W'H'I)ZT
Npi1= Ny Tt ©)

The choice of the vector z delineates particular quasi-Newton
updates, all of which satisfy the ‘‘secant’” equation given next:

Ny W= R(W"H1Y) + N,6Wr+1 @)

Superlinear convergence [(I®"1,/1®"~1l,)=0 as n = o} can
be proven for a class of these methods, with the governing
factors being the closeness of the current solution W to the
steady-state answer, the closeness of the initial value for N to

- the steady-state Jacobian, and the satisfaction of the secant

condition.®® Implemented as written in Eq. (6), the quasi-

" Newton procedure is at least as computationally intensive as

Newton’s method. By the use of the Sherman-Morrison-
Woodbury theorem,’ however, the updating process can be
performed on the inverse of N, thus eliminating both matrix
factorization and matrix computation requirements. Consider
the following inverse form of Eq. (6):

N =d = 0,y)N, ! ®
where
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and I is the identity matrix. By multiplying Eq. (8) by the
updated residual — ®R(W"+1), one arrives at a recursion rela-
tion for the new step vector §W”*2 that requires only vector
operations provided that an initial step approximation
— N I®(Wn+1) is available. This vector is obtained by the
application of the SLGS matrix splitting (3). The quasi-New-
ton procedure, then, can be viewed as a mechanism by which
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an SLGS correction is ““improved’’ so that faster convergence
to the steady state is realized. At a current iterate n, a “‘pseu-
docode’” procedure for applying a k-step quasi-Newton al-
gorithm is a follows:

0) Define
Won = Wn
SWon = oW1 ‘ an
N=D+UD"YD+L)

1) Fori=1,k,

update

Won = Won + 6Won
compute

R(Won)

dWss = — N7 '\R(Wqn)

2) Forj=1,i-1, compute
Wgs = 6Wgs + Gjl,b,-T(SWGS
3) Form and store

Zi

Il/i - z,-TB WQN

b =— 5
L=y oW

4) Compute the new update vector
(SWQN = GWGS + 0,\0?5 WGS

5) Return to step 1.

In the previous expressions, k is the number of allowable
quasi-Newton steps (six in this investigation), and the super-
script T denotes the matrix transpose operator. Although the
implementation is computationally efficient, the recursive
process in step 2 requires the storage of 2k vectors for 6 and ¢
(or z).

The most popular quasi-Newton method is that due to
Broyden,$ for which z in Eq. (11) is given by 0Won. A related
algorithm of Gay and Schnabel,’ referred to as the ‘‘pro-
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Fig. 2 Convergence histories for Mach 4.0 case.?

jected’”” Broyden update, is considered in this article. The
projected Broyden method is designed to satisfy the secant
equation

Ny SW™+1 = QW™ 1) + N, s W™~ 1 (12)

for all m < n by defining the vector z to be the projection of
sWn+1 perpendicular to all sW™* 1, m <n. In the notation of
Eq. (11),

i—-1 T

4= oWy — E TN (13)
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Quasi-Newton acceleration is integrated into the relaxation
algorithm by first defining a starting location (a two order-of-
magnitude residual reduction usually suffices). From this
point, the quasi-Newton process is initiated, with four relax-
ation iterates performed between each six-step application of
Eq. (11) until convergence is reached.

Results and Discussion

The test case considered in this article corresponds to an
experiment by Lewis et al.? and involves laminar flow over a
flat plate — 10-deg wedge apparatus at the following condi-
tions: M, = 4.0, T, = 50.21 K, adiabatic wall. A reference
length of 6.35 cm, corresponding to the distance between the
flat plate leading edge and the wedge apex, is used, and the
resulting Reynolds number is 6.8 X 10*. Other test cases are
discussed in Ref. 7. A 101 X 101 mesh was used in the simula-
tion, and a comparison between the computed wall pressure
distribution and the data of Ref. 8 is shown in Fig. 1. Good
agreement is indicated, particularly in the large region of
reversed flow downstream of the wedge apex (X/ X = 1.0).
Separation (S) and reattachment (R) points are shown in the
figure for clarity.

Steady-state convergence characteristics of various SLGS-
based algorithms for this problem are illustrated by the plots
of residual £, norm vs Cray Y-MP CPU time shown in Fig. 2.
Fifty iterations of a fully vectorizable line Jacobi method were
used to provide a suitable initial guess, and each computation
was then allowed to proceed until a nine-order-of-magnitude
residual reduction had been achieved. Curves d and ¢ are the
results obtained from the baseline SLGS algorithm (3) and the
more nonlinear approach of Thomas and Walters, Eq. (4),
respectively. Although the Thomas and Walters approach
converged in fewer iterations, the overall time is greater than
that of algorithm (3) due to the expense of the extra residual
evaluation. Curve b shows that the nonlinear relaxation al-
gorithm (5) provides significant improvement, converging ap-
proximately 2.7 times faster than methods (3) and (4). Conver-
gence histories for ‘‘projected’’ Broyden accelerations of the
nonlinear algorithm (5) and the baseline approach (3) are
presented as curves ¢ and c¢. Only a small improvement is
evidenced for the nonlinear case (curve a), although signifi-
cant acceleration of the baseline SLGS technique occurs.
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Curves a and c also illustrate the need for the alternating
quasi-Newton/relaxation strategy mentioned earlier. When
implemented in limited-storage inverse form, quasi-Newton
methods tend to accelerate the computation by reducing low-
frequency error responsible for asymptotic convergence degra-
dation. During the process, however, high-frequency error
components may be increased, causing jumps in the nonlinear
residual norm. The application of a number of relaxation
steps following a quasi-Newton sequence appears to smooth
the high-frequency errors while propagating the quasi-Newton
“‘corrections’’ to the low-frequency spectrum.

Conclusions

The development of a rapidly converging implicit algorithm
for the steady, two-dimensional compressible Navier-Stokes
equations has been described. Based on a nonlinear line
Gauss-Seidel iteration strategy, the new algorithm has been
shown to eliminate much of the convergence degradation ex-
perienced by more conventional line relaxation techniques
when applied to flows with large subsonic regions and/or
strong shock formation. A basic discussion of quasi-Newton
techniques and their implementation as convergence accelera-
tors for line relaxation algorithms has been presented, and the
methods have been shown to result in significant computa-
tional savings when applied properly. For the compression-
corner interactions considered in this investigation, a hybrid
upwind/central difference discretization of the steady Navier-
Stokes set has been shown to yield good comparisons with
available experimental data.
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